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Abstract: In 1991, Gnanajothi [3] introduced a labeling method called odd graceful
labeling. A graph G with q edges is said to be odd graceful if there is an injection
f from V (G)→ {0, 1, 2, ..., (2q − 1)} such that, when each edge xy is assigned the
label |f(x) − f(y)|, the resulting edge labels are 1, 3, 5, ..., (2q − 1). In this paper,
we prove the odd gracefulness on trees of diameter four with cycle.
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1. Introduction and Definition
Rosa [5], in 1967, introduced the first graph labeling method called graceful

labeling. A graceful labeling of a graph G with q edges and vertex set V is an
injection f : V (G)→ {0, 1, 2, ..., q} with the property that the resulting edge labels
are also distinct, where an edge incident with vertices u and v is assigned the label
|f(u) − f(v)|. In 1991, Gananajothi [3] introduced odd graceful labeling. An odd
graceful labeling is an injection f from V (G) → {0, 1, 2, ..., (2q − 1)} such that,
when each edge xy is assigned the label |f(x)− f(y)|, the resulting edge labels are
1, 3, 5, ..., (2q − 1). Lekha [4] proved the following results on cycle related graphs:
Joint sum of two copies of Cn of even order, joining two copies of Cn of even
order by a path, two copies of even cycles Cn sharing a common edge is odd
graceful.Gnanajothi [3] proposed the conjecture, All trees are odd graceful. She
also proved this conjecture for all trees with order up to 10. Christian Barrientos
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[1] has verified this conjecture to all trees of order up to 12. For an exhaustive
survey on odd graceful labeling refer to dynamic survey by Gallian [2].

Graph labeling is an active area of research in graph theory which has rigorous
applications in coding theory, communication networks, optimal circuits layouts
and graph decomposition problems.

In this paper, we define a new graph called tree attachment with cycle and we
prove that the tree attachment with cycle is odd graceful.

Definition 1.1 The graph G obtained by identifying the root vertex of tree T i,
where 1 ≤ i ≤ m ,with the vertices of cycle Cm is called the tree attachment with
cycle. In other words, the graph G = Cm � T i.

Fig 1: The graph G which is the tree attachment with cycle

2. Main Result
In this section, we prove that the graph G which is obtained by identifying the

root vertex T i where 1 ≤ i ≤ m ,with the vertices of cycle Cm when m ≡ 0 (mod4)
is odd graceful.

Theorem 2.1. The Graph G = Cm � T i when m ≡ 0 (mod4) admits odd graceful
labeling.

Proof. Let T be a tree of diameter four with two levels. The root vertex of T
at level zero is of degree n and the degree of internal vertices of T at level one
depends upon the pendant edges added to it. The pendant vertices of T at level
two are of degree one. We describe the graph G as follows. The vertices in the
cycle Cm in G are denoted as u1, u2, u3, ..., um in the clockwise direction. Consider
non-isomorphic m copies of the tree T. That is, the first copy of T denoted by T 1 is
attached at the vertex u1 of Cm. The second copy of T denoted by T 2 is attached
at the vertex u2 of Cm. In general, the ith copy of T denoted by T i is attached at



Odd Gracefulness of Trees of Diameter Four with Cycle 51

the vertex ui of Cm where 1 ≤ i ≤ m for m ≡ 0 (mod4). The resultant graph after
attaching the non-isomorphic m copies of T i of T is represented as G.

In the graph G, the vertices in the level one of tree T 1 at u1 are denoted as
v11, v12, v13, ..., v1n. The vertices in the level one of tree T 2 at u2 are denoted as
v21, v22, v23, ..., v2n. Similarly the vertices in the level one tree T 3 at u3 are denoted
as v31, v32, v33, ..., v3n. In general, the vertices in the level one of tree T i attached
at ui are denoted as vij where 1 ≤ i ≤ m and 1 ≤ j ≤ n.

In the graph G, the pendant vertices in the level two of the tree T 1 attached at
v11 are denoted as w1,1,k1 where 1 ≤ k ≤ a11, the pendant vertices attached at v12
are denoted as w1,2,k1 where 1 ≤ k ≤ a12. Similarly,the pendant vertices attached in
the level two of the tree T 1 attached at v1n are denoted as w1,n,k1 where 1 ≤ k ≤ a1n.
The pendant vertices in the level two of the tree T 2 attached at v21 are denoted as
w2,1,k2 where 1 ≤ k ≤ a21, the pendant vertices attached at v22 are denoted as w2,2,k2

where 1 ≤ k ≤ a22. Similarly,the pendant vertices attached in the level two of the
tree T 2 attached at v2n are denoted as w2,n,k2 where 1 ≤ k ≤ a2n. The pendant
vertices in the level two of the tree T 3 attached at v31 are denoted as w3,1,k3 where
1 ≤ k ≤ a31, the pendant vertices attached at v32 are denoted as w3,2,k3 where
1 ≤ k ≤ a32. Similarly, the pendant vertices attached in the level two of the tree T 3

attached at v3n are denoted as w3,n,k3 where 1 ≤ k ≤ a3n. In general, the vertices
in the level two of tree T i attached vij are denoted as wi,j,ki where 1 ≤ i ≤ m and
1 ≤ j ≤ n, 1 ≤ k ≤ ait,1 ≤ t ≤ n.

Figure 2: The graph G
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Let N denote the total number of pendant vertices at level two. In the graph G,
the total number of pendant vertices at level two of T 1 is denoted by N1. The
total number of pendant vertices at level two of T 2 is denoted by N2. The total
number of pendant vertices at level two of T 3 is denoted by N3. In general, the total
number of pendant vertices at level two of T i is denoted by Nr where 1 ≤ r ≤ m,
1 ≤ i ≤ m and m ≡ 0 (mod4).

Let |V (G)| = p and |E(G)| = q. The Graph G has p = (n+ 1)m+ ΣNr vertices
and q = (n + 1)m + ΣNr edges where 1 ≤ r ≤ m.

The vertices of the Graph G when m ≡ 0 (mod4) is labeled by first labeling
the vertices of a cycle Cm and then labeling the other vertices of Graph G .
The vertex labels for the cycle Cm given below.

f(u2i−1) = (2q − 1)− (i− 1)(2n + 2) for 1 ≤ i ≤ m
4

f(u2i−1) = (2q − 3)− (i− 1)(2n + 2) for m
4

+ 1 ≤ i ≤ m
2

f(u2i) = 2n + (i− 1)(2n + 2) for 1 ≤ i ≤ m
2

(2.1)

The vertex labels for level 1 of trees T i at ui is defined as follows

f(v2i−1,j) = (i− 1)(2n + 2) + (2j − 2) for 1 ≤ i ≤ (m
2

), 1 ≤ j ≤ n

f(v2i,j) =


(2q − 3)− (i− 1)(2n + 2)− (2j − 2),

for 1 ≤ i ≤ (m
4

), 1 ≤ j ≤ n

(2q − 5)− (i− 1)(2n + 2)− (2j − 2)
for m

4
+ 1 ≤ i ≤ (m

2
), 1 ≤ j ≤ n

(2.2)

The vertex labels for level 2 of trees T i at ui is defined as follows

f(w(2i−1), j, k
(2i−1)) = 2i(n + 1) + (2k + 2j − 2n− 5) + 2

∑j−1
t=0(at

(2i−1))

+ 2
∑2i−2

r=0 (Nr)
for 1 ≤ i ≤ (m

2
), 1 ≤ k ≤ at

2i−1, 1 ≤ j ≤ n, 1 ≤ t ≤ n

f(w(2i), j, k
(2i)) =



(2q − 2)− 2
∑j−1

t=0(at
(2i))− 2

∑2i−1
r=1 (Nr)− (2k + 2j + 2i)−

2n(i− 1) + 4
for 1 ≤ i ≤ (m

4
), 1 ≤ k ≤ at

2i, 1 ≤ j ≤ n, 1 ≤ t ≤ n

(2q − 2)− 2
∑j−1

t=0(at
(2i))− 2

∑2i−1
r=1 (Nr)− (2k + 2j + 2i)−

2n(i− 1) + 2
for (m

4
+ 1) ≤ i ≤ (m

2
), 1 ≤ k ≤ at

2i, 1 ≤ j ≤ n, 1 ≤ t ≤ n
(2.3)
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From the equations (2.1) to (2.3) we see that the vertex labels for the graph G are
distinct.

Now we compute the edge labels for the graph G by first computing the edge
labels for cycle Cm for m ≡ 0 (mod4) as follows:

|f(u2i−1)− f(u2i)| =


(2q − 2n− 1)− 2(i− 1)(2n + 2)

for 1 ≤ i ≤ (m
4

)

(2q − 2n− 3)− 2(i− 1)(2n + 2)
for (m

4
+ 1) ≤ i ≤ (m

2
)

|f(u2i+1)− f(u2i)| =


(2q − 4n− 3)− 2(i− 1)(2n + 2),

for 1 ≤ i ≤ (m
4
− 1)

(2q − 4n− 5)− 2(i− 1)(2n + 2),
for(m

4
) ≤ i ≤ (m

2
− 1)

|f(u1)− f(um)| = 2q −m(n + 1) + 1, (2.4)

The edge labels for edges incident with vertices of level 1 of trees T i at ui are
defined as follows

|f(u2i−1)− f(v(2i−1),j)| =


(2q − 1)− 2(i− 1)(2n + 2)− (2j − 2),

for 1 ≤ i ≤ (m
4

), 1 ≤ j ≤ n

(2q − 3)− 2(i− 1)(2n + 2)− (2j − 2),
for (m

4
+ 1) ≤ i ≤ (m

2
), 1 ≤ j ≤ n

|f(u2i)− f(v2i,j)| =


(2q − 3− 2n)− 2(i− 1)(2n + 2)− (2j − 2)

for 1 ≤ i ≤ (m
4

), 1 ≤ j ≤ n

(2q − 5− 2n)− 2(i− 1)(2n + 2)− (2j − 2)
for (m

4
+ 1) ≤ i ≤ (m

2
), 1 ≤ j ≤ n

(2.5)
The edge labels for edges incident with vertices of level 2 of trees T i at ui are
defined as follows
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|f(v2i−1,j)− f(w(2i−1), j, k
(2i−1))| = 2

∑j−1
t=0(at

(2i−1)) + 2
∑2i−2

r=0 (Nr) + (2k − 1)

for 1 ≤ i ≤ (m
2

), 1 ≤ k ≤ at
2i−1, 1 ≤ j ≤ n, 1 ≤ t ≤ n

|f(v2i,j)− f(w(2i), j, k
(2i))| = 1 + 2

∑j−1
t=0(at

(2i)) +
∑2i−1

r=1 (Nr) + (2k − 2)

for 1 ≤ i ≤ (m
2

), 1 ≤ k ≤ at
2i, 1 ≤ j ≤ n, 1 ≤ t ≤ n

(2.6)
From the above computed edge labels we see that the edge labels for the graph G
are the distinct odd numbers from the set 1, 3, 5, ..., (2q − 1).

Hence the for the graph G is odd graceful.
We illustrate the above mentioned theorem in the figure 3.

3. Illustration
When m = 4, n = 3, p = 36, q = 36, ai0 = N0 = 0, N1 = 6, N2 = 6, N3 =

3, N4 = 5

Figure 3 : An odd graceful labeling of the graph G

Corollary 3.1. The m− isomorphic copies of trees of diameter four with arbitrary
root degree attached at each vertex of a cycle Cm where m ≡ 0 (mod4) admits odd
graceful labeling.

Proof. From the Theorem, if we let root vertex of T at level zero to be of degree
n, the internal vertices of T at level one to be of degree three and the pendant
vertices of T at level to be of degree one then we get the odd graceful labeling of
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m− isomorphic copies of trees of diameter four with arbitrary root degree attached
at each vertex of a cycle Cm.
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